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1 Introduction 

The colored permutation groups are fundamental objects in much of today's mathe- 
matics. A better understanding of these groups may help to advance research in many 
fields. One method of studying these groups is by using numerical statistics and find- 
ing their generating functions. This method was successfully applied in the case of 
"one-colored" permutations groups, the symmetric groups. MacMahon |12. considered 
four different statistics for a permutation vr in the symmetric group: the number of 
descents {des{7v)), the number of excedance (exc(7r)), the length statistic (^(tt)), and 
the major index {maj{n)). MacMahon showed, algebraically, that excedance number 
is equidistributed with descent number, and that length is equidistributed with major 
index over the symmetric groups. 

When we talk about permutation statistics we generally discuss about two main 
types of statistics: Eulerian statistics, which are equidistributed with the descent num- 
ber, and Mahonian statistics which are equidistributed with length. Through the years 
many generalizations to MacMahon's results were found [0111113101 using combinations 
of statistics which are equidistributed with each other over the symmetric groups. 



*This paper is a part of the author's Master Thesis, which was written at Bar-Ilan University 
under the supervision of R. M. Adin and Y. Roichman. 

^Partially supported by EC's IHRP Programme, within the Research Training Network "Algebraic 
Combinatorics in Europe", grant HPRN-CT-2001-00272 
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Recently, Adin and Roichman [3] generalized MacMahon's result on the major index 
to "two-colored" permutation groups, the signed permutations groups, by introducing 
a new Mahonian statistic, the flag major index. Bagno introduced a new Mahonian 
statistic, Imaj, which is equidistributed with length over general colored permutation 
groups. These results open the gate for trying to generalize results that were obtained 
on symmetric groups to general colored permutations groups. In this paper we attempt 
to go in the above mentioned direction, and generalize known theorems from the sym- 
metric groups to the signed permutations groups, and to general colored permutation 
groups. 

The paper is organized as follows: we start by giving necessary background in Sec- 
tion 2. In Section 3 we present our main results. In Section 4 we study permutation 
statistics with respect to different linear orders, we prove that the flag major index 
is equidistributed with length over the signed permutation groups for every linear or- 
der, and also find a large collection of linear orders, which sign and flag major index 
equidistributed with each other. In Section 5 we present a new method for calculating 
generating functions on the signed permutations groups in the natural order: 

N : -n < -{n - 1) < . . . < -1 < 1 < . . . < n, 

and also calculate generating functions on a well-known subgroup of the signed permu- 
tation group: Dn (to be defined below). In Section 6 we move to calculating generat- 
ing functions for statistics, but this time on general colored permutation groups in the 
friends order: 

F : <...<!< 21'^-y < . . . < 2 < . . . < < . . . < n. 

We present a new method of generalizing equidistributed statistics over the symmetric 
groups to general colored permutations groups. Using this method we find new Maho- 
nian and Eulerian statistics, and generalize known theorems due to Foata; Zeilberger 
and Schiitzenberger. We conclude the paper in Section 7, where we introduce the flag 
inversion number and study its properties. 

2 Background 

2.1 Statistics on the Symmetric Group 

In this subsection we present the main definitions, notation, and theorems on the 
symmetric groups (i.e., the Weyl groups of type A), denoted Sn- 

Definition 2.1 Let he N the set of all the natural numbers, a permutation of order 
n E N is a bijection n : {1, 2, 3, . . . , n} — >• {1, 2, 3, . . . , n}. 
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Remark 2.2 Permutations are traditionally written in a two-line notation of: 

_ ( I 2 3 ... n \ 
""'y 7r(l) 7r(2) 7r(3) . . . 7r(n) ) ' 

however for convenience we will use the shorter notation: 

7r= [7r(l),7r(2),7r(3),...,7r(n)]. 

/ 1 2 3 4 5 \ 

For example: — [24315] ^^^^ ^'^^^^s'^ ^ — [2? 4, 3, 1, 5]. 

Definition 2.3 The symmetric group of order n & N (denoted Sn) is the group con- 
sisting of all the permutations of order n, with composition as the group operation. 

Definition 2.4 The Coxeter generators of Sn are Si, S2, ■ ■ ■ , where 
:= [l,2,...,z + l,i, ...,n]. 

It is a well-known fact that the symmetric group is a Coxeter group with respect to the 
above generating set {sj | 1 < z < n — 1}. This fact gives rise to the following natural 
statistic of permutations in the symmetric group: 

Definition 2.5 The length of a permutation tt & Sn is defined to be: 

:— min{ r > \ tt — . . . for some ii, . . . ,ir G [l,n] }. 

Here are other useful statistics on Sn that we are going to work with: 

Definition 2.6 Let tt e Sn- Define the following: 

1. The inversion number o/tt.' 

inviyK) := i) | I < i < j < n, 7r(i) > 7r(j)}|. 
Note that inv{7r) — ^(tt). 

2. The descent set of n: Desijx) := {1 < z < n — 1 | 7r(z) > 7r(i + 1)}. 

3. The decent number o/tt; des^n) — \Des{n)\. 

4. The major-index ofn: maj{7r) :— ^ i. 

5. The sign ofn: sign{n) := (-l)^W. 

6. The excedance number o/tt; exc{7i) := |{1 < i < n | n{i) > i}\. 



Example 2.7 Let ir = [2,3,1,5,4] G S^. We can compute the above statistics on tc, 
namely: 

inv{7i) = = 3, Des{Ti) = {2,4}, des(7r) = 2, maj^n) = 6, 
signiix) = (—1)'^ = —1, and exc(7r) = 3. 

Remark 2.8 Throughout the paper we use the following notations for a nonnegative 
integer n: 



1 - 

[n]±g\ := [1] J2]_q[3]y[4]_g . . . [n](_i)n-ig, and also 

1, zfn = 0; 

(1 — a)(l — aq) ... (1 — aq^~^), otherwise. 



(a; q)n 



MacMahon ^2] was the first to find a connection between these statistics. He 
discovered that the excedance number is equidistributed with the descent number, and 
that the inversion number is equidistributed with the major index: 

Theorem 2.9 E 



Theorem 2.10 

^ea;c(7r) _ ^ gdes{n) ^ 

Gessel and Simion gave a similar factorial type product formula for the signed 
Mahonian: 



Theorem 2.11 Cor. 2] 



E stgni7r)q^'^^^-^ = [n]±,! 

TT&Sn 



A bivariate generalization of MacMahon's Theorem 12.91 was achieved during the 
1970's by Foata and Schiitzenberger : 

Theorem 2.12 
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In the same article Foata and Schiitzenberger also proved another bivariate connection 
between the different statistics: 

Theorem 2.13 J^/ 

In 1990, during her research of the genus zeta function Denert, found a new statistic 
which was also Mahonian: 

Definition 2.14 ^ Let be n ^ Sn, define the Denert's statistic to be: 

den{7r) := \{1 < I < k < n \ 7r{k) < it{1) < k}\ 
+ \{1 < I < k < n \ 7r{l) < k < TT{k)}\ 
+ \{1 <l < k <n \ k < n{k) < n{l)}\. 

Later in the same year Foata and Zeilberger proved that the pair of statistics 
{exc,den) is equidistributed with the pair {des,maj): 

Theorem 2.15 0/ 



2.2 Signed Permutations Groups 

In this subsection we present the main definitions, notation and theorems for the 
classical Weyl groups of type B, also known as the hyperoctahedral groups or the signed 
permutations groups, and denoted Bn- 

Definition 2.16 The hyperoctahedral group of order n G iV (denoted Bn) is the 
group consisting of all the bijections a of the set [—n,n\\{0} onto itself such that 
a{—a) = —a{a) for all a G [— n,n]\{0}, with composition as the group operation. 

Remark 2.17 There are different notations for a permutation a G Bn- We will use 
the notation a = [o"(l), cr(rj.)] . 

We identify Sn as a subgroup of Bn, and Bn as a subgroup of S2n- As in Sn we also 
have many different statistics; we will describe the main ones: 

Theorem 2.18 Let a G Bn, define the following statistics on a: 

1. The inversion number of a: inv{a) := \{{i,j) \ 1 < i < j < ri., a{i) > o"(j)}|. 
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2. The descent set of a: 

Des{a) := {1 < z < n - 1 | > a{i + 1)}. 

3. The type A descent number of a: desA{cr) := \Des{cr)\. 
4- The type B descent number of a: 

desB^cr) := |{0 < i < n — 1 | cr(i) > a{i + 1)}|, where here cr(0) := 0. 

5. The major index of a: maj{a) := J2 

6. The negative set of a: Neg{a) := {i E [1, . . . ,n] \ a{i) < }. 

7. The negative number of a: neg{a) := \Neg{a)\. 

8. The negative number sum of a: nsum{a) := — J2 cr(2). 

ieNeg(a) 

It is well known (see, e.g. [5, Proposition 8.1.3]) that -B„ is a Coxeter group with 
respect to the generating set {sq, Si, . . . , s„_i}, where Sj, 1 < i < n — 1, are defined as 
in Sn (see 12. 4|) , and Sq is defined as: 

So := [-1,2,3, ...,n\. 

This gives rise to another natural statistic on S„, the length statistic: 

Definition 2.19 For all a E Bn the length of a is: 

£{a) := min{r > | a = Si-^Si^ . . . Si^ for some ii, . . . ,ir G [0, n — 1]}. 

There is a well-known direct combinatorial way to compute this statistic: 

Theorem 2.20 (J^ Propositions 8.1.1 and 8.1.2]) For all a G Bn the length of a can 
be computed as: 

i{a) = inv{a) — ^ (t(2). 

ieiVeg(o-) 

Using the last definition we can define another natural statistic on i?„, the sign 
statistic: 

Definition 2.21 For all a E Bn the sign of a is: 

sign{a) := (-l)^('^). 

6 



The generating function of length is also called the Poincare polynomial and can pre- 
sented in the following manner: 

Theorem 2.22 p. 15] 

n 

E 5^('^) = [2],[4],...[2< = nN.. 

Recently, Adin and Roichman generalized MacMahon's result Theorem 12.91 to Bn, by 
introducing a new Mahonian statistic, the flag major index: 

Definition 2.23 The flag major index of a E Bn is defined as: 

flag-major{a) := 2maj{a) + neg{a), 
where maj{(7) is calculated with respect to the linear order 

-1 < -2 < . . . < -n < 1 < 2 < . . . < n. 
Theorem 2.24 Jl §^7 

E q'^''^ = E g^''^^-'"'^^"'^^'^) = [2] J4], . . . [2n],. 

Remark 2.25 The previous result still holds if ma j (a) is calculated with respect to 
the natural order —n < —{n — 1) < ... < — 2 < — 1 < 1 < 2 < ... < n — 1 < n, see also 

m 

Adin, Brenti and Roichman introduced another statistic which was also Mahonian, 
the nmaj statistic: 

Definition 2.26 fT-, %3.2] Let a E Bn then the negative major index is defined as: 
nmaj{a) := maj{a) — E ^(0 = maj{a) +nsum{a). 

ieNeg{a) 

Theorem 2.27 JJ]/ 

g^(o-) _ ^ ^nmaj{a) ^ 

In the same article PP they also defined a new descent multiset and new descent 
statistics, and found a new Euler-Mahonian bivariate distribution for these statistics: 

Definition 2.28 JH ^3.1 and %4.2] Let a E Bn define: 



1. The negative descent multiset of a: 



NDes{a) := Des{a)\J{-(T{^ \ i G Neg{a)}, 



where U stands for multiset union. 

2. The negative descent statistic of a: ndes{a) := \NDes{a)\. 

3. The flag-descent number of a: fdes{a) := desA{cr) + desB{<7) = 2desA{o-) + e{(r) , 
where 



In their article from 2005 Adin, Gessel, and Roichman gave a type B analogue to the 
Gessel-Simion Theorem(e.g. Cor. 2]): 

Theorem 2.30 Jl §5.1/ 



Where flag major index computed with respect to the linear order: 

-1 < -2 < . . . < -n < 1 < 2 < . . . < n. 

The group Bn has some well known subgroups [3 §7], in this paper we will only work 
with the subgroup of elements with even neg: 

Definition 2.31 The subgroup of elements with even neg in Bn (denoted D^) is de- 




1, z/a(l)<0; 
0, otherwise. 



Theorem 2.29 |2l §-^.5'/ 




fined as: 



D. 



n 



{a E Bn I neg{a) = mod 2}. 
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2.3 Colored Permutation Groups 

In this subsection we will present the definitions, notations, and basic theorems for the 
colored permutation groups that we are going to work with throughout this paper. We 
start with the definition of the colored permutation groups. 

Definition 2.32 Let r,n be positive integers. The group of colored permutations of n 
digits and r colors, denoted Gr.n. is the wreath product Gr^n = CrlSn, consisting of all 
the pairs {z,7i) where z is a n-tuple of integers between and r — 1, and n G Sn. The 
group operation defined as follows: for z — {zi, . . . , Zn), z' — {z[, . . . , z'^), n, w' G Sn, 

{z,7r) ■ {z',7r') = ((zi + 4-1(1),..., ^n + 4-i(„)),7ro tt') 

(where + is taken mod r). 

Remark 2.33 Let r and n be nonnegative integers. We will use the notation 
g, g e Gr,n, where g = {z, n) and g = {z,7i~^). 

Note 2.34 Notice that for r = 1, Gi „ isomorphic to the symmetric group Sn, and 
for r — 2, G2,n isomorphic to the signed permutation group B^. 

In the following definitions we assume that the alphabet: 

{!,..., n,lW,...,nW,...,l[-^l,...,n[^-^]} 

has some predefined linear order. As in the cases of the symmetric group, and the signed 
permutation group we can also define statistics on the colored permutation groups: 

Definition 2.35 Let be g = {z,7t) G Gr,n- Define: 

1. The inversion number of g: 

inv{g) := \ 1 < i< j < n, tv{i)^^'^ > n{jp^}\. 

2. The Descent set ofg: Des{g) -.^ { i \ 1 < i < n - 1, 7r(i)[^*] > 7r{i + }. 

3. The descent number of g: des{g) := \Des{g)\. 

4. The major index of g: maj{g) :— J2 i- 

iGDes{g) 

5. The Negative set of g: Neg{g) :~ { i \ Zi^ }. 

6. The negative number of g: neg{g) :— \Neg{g)\. 
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7. The color sum of g: csum{g) := Zi. 

8. The negative color sum of g: ncsum{g) := ("^(0 ~ 

The colored permutation group Gr^n has a natural length statistic, defined with 
respect to generating set {sq, si, . . . , s„_i}, where Si, i > I is defined as 
Si := ((0, . . . , 0), [1, . . . , z + 1, z, . . . , n]) and Sq := ((1, 0, . . . ,0),id), see also [13] and jlj. 
There is a direct algebraic formula to calculate the length of g E Gr,n, namely: 

Theorem 2.36 ^ 

n 

i{g) := inv{g) + (7r(z) -1) + J2zi, 

ZiT^O 1 = 1 

where inv{g) is calculate according to the alphabet linear order: 

nl'^^l < . . . < nl^] < . . . < < . . . < fl^] < 1< . . . < n. 

Adin and Roichman found a flag major index statistic on colored permutation group: 
Definition 2.37 H ^3.1] Let be g e Gr,n, define: 

flag — major{g) := r ■ maj{g) + ^ Zi. 

In the case of colored permutation groups we also have new Eulerian and Mahonian 
statistics which have been found in the passing year by Bagno: 

Definition 2.38 Let be g E Gr^n, define: 

n 

1. ldes{g) := des{g) + J2 Zi. 

i=l 

n 

2. lmaj{g) := maj{g) + E (7r(z) - 1) + E z^. 

Zij^O i=l 

Theorem 2.39 g| §5/ 

n 

Bagno also found an interesting statistic over Gr^n, the nmaj statistic (see definition 
in §6]), which generalize the type B nmaj statistic (see l2.26() . and proved the following 
equality: 

Theorem 2.40 §7/ 

n 

qnmaj(g) _ ^ lag -major {g) _ ^^[7-^]^ 

g&Gr,n g&Gr,n «=! 
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3 Main Results 



In this section we present the main results obtained in the paper according to their 
order of appearance: 

Remark 3.1 Throughout this section we use the notation statK„{g) when stat is a 
statistic on Gr,n and Kn is a predefined linear order on the alphabet of Gr,n- The 
notation statK„{g) means that we calculate the statistic stat according to the linear 
order K„ . 



We begin Section 4 with Proposition I4.12| which states that the flag major index is 
equidistributed with the length over the signed permutation group for any hnear order: 



Proposition 3.2 (Proposition 4. 12) For any linear order 



qfla,g-major{a) _ ^ gfla.g-majorK„io-) 

The main results of Section 5 calculate generating functions according to natural order: 

N : -n < -{n -1)<...<-I<l<...<n-I<n, 

over the signed permutations groups. We begin with Theorem 15.71 which gives the 
generating function of the signed Mahonian: 

Theorem 3.3 (Theorem \5. 7| ) 

o-G-B„ 

The next result of this type: 
Theorem 3.4 (Theorem \5.8\} 

In Theorem 15.101 we calculate an interesting bivariate generating function of two Ma- 
honian statistics: 

Theorem 3.5 (Theorem \5.1(l\) 

n 

J2 qflag-majorM{a)^nmajM{a) = ]^(1 + gf )[n]g2j. 



11 



In Theorem l5.12l we calculate another interesting bivariate generating function of length 
and flag major index: 

Theorem 3.6 (Theorem \5.1^] 

n 

aeBn 1=1 
where An{q,t) = E qmaj{n)^e{n) ^ ^ ^maj{^)^inv{^) _ 

We finish reviewing Section 5 with Theorem 15.151 which presents a calculation of the 
generating function of sign and flag major index over Dn'- 

Theorem 3.7 (Theorem \5.1f^) 

J2 sign{a)qf^''^~""'^°''''^''^ = (1 - g2)LtJ [^j^^.i. 

According to the previous theorems we can conclude very interesting result, which is 
presented in Corollarv 15.161 

Corollary 3.8 fCorollarv \5. 16]) 

We move on to Section 6, in which we calculate generating functions over the colored 
permutation groups according to the friends order: 

F : 1^'-^^ <...<!< 2["-i] < . . . < 2 < . . . < < . . . < n. 

The first main result in this section is Lemma which is used in almost all the proofs 
in this section: 



Lemma 3.9 (Lemma \6.4\ ) Let i G [l,fc] and let ostati : Sn ^ 'Zi, cstati : — > Z 
statistics on Sn and Z" respectively; define stati : Gr,n ^ by stati{z, tt) := ostati{'n:) + 
cstat{z). Then: 

Estati(z,iT) stati^(z,iT) cstati(z) cstati^(z) ostati (tt) ostatf^(TT) 

Qi ■ ■ - Qk — Qi ■ ■ - Qk 2^ ^1 ■ ■ - Qk 1 

(2,7r)GGr,n {z ,id)eColor^^ 7re5,i 

where the set Color^ is defined in \6.1\ 

We continue on, define a new friends color-sign statistic (see Definition 16. 8p . and 
calculate the bivariate generating function of friends color-sign and flag major index 
over the colored permutation groups. The result of this calculation is presented in 
Theorem 16.101 
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Theorem 3.10 fTheorem UTWi) 

We continue this section with the definitions of two new statistics over: the colored 
permutations groups: the r-color excedance number, denoted excr (see definition I(j.l2j) . 
and the r-color Denert's statistic, denoted derir (see Definition I6.14|) . By using these 
new statistics we give in Theorem 16.161 a generahzation of the Foata-Zeilberger Theo- 
rem |2^1 

Theorem 3.11 (Theorem \6.1(^] Let r,n be positive integers. Then: 

qderirig) j.excr{g) _ ^ lag -major pig) ^Ides pig) 

g^Gr,n g^Gr,n 

We finish the paper in Section 7, where we define new statistic, the flag-inversion 
statistic (see Definition 17. 2|) which is equidistributed with flag major index, and by 
using the flag-inversion statistic we give in Theorem 17. 7| and in Theorem 17.81 another 
generahzations to the Foata-Schiitzenberger Theorem I2.12| and Theorem I2.1HI 



Theorem 3.12 (Theoremyn\) 

qflag-majorF{g)^ldesp(g) _ ^ qfinvF{g)^ldesp{g) 

gGGr,n g&Gr,n 

Theorem 3.13 (Theorem\T^ 

qflag-majoTF{(T-'^)^flag-majoTF{(T) _ ^ qfinvF{cr) ^flag-majoTF{(T) 



4 Flag Major Index With Different Orders 

In this section study statistics on the signed permutation group with respect to different 
hnear orders. First, we give necessary definitions and introduce certain bijections 
(see Definition 14. 5|) . Using these definitions we prove that the flag major index is 
equidistributed with the length statistic for any hnear order; however, this resuh does 
not hold in the case of signed Mahonian distribution (it is easy to check this fact in 
the case of n = 2), we finish this section indicating a large collection of linear orders 
which are sign and flag major index equidistributed with each other. 

Definition 4.1 A linear order of length n, denoted Kn, is a bijection 

Kn : [l,2n] ^ [-n,n]\{Q}. 

For convenience we write a linear order in the following form: 

: K„(l) < Kn{2) <...< K^{2n - 1) < K„(2n). 
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We can calculate permutation statistics according to a linear order we use 
the following notation: majK^{a), desKn{cr), f lag — major K„{a), nmajK^{a) etc, to 
indicate that the corresponding statistic is calculated with respect to the linear order 
Kn- We also use the notation: m >k„ I, to indicate, that according to the linear order 
Kn 'm' is larger than T, i.e. that m = Kn{s), I = Kn{r), and s > r. 

Example 4.2 Let he a linear order and let a e B^. Then: 

majKM ■= J2 ^■ 

Note 4.3 Notice that for any linear order Kn, and for any a & Bn, neg{a) = 
negK,X^)- This also applies to the length statistic, because it is defined with respect to 
the Coxeter generators, which do not depend on the choice of linear order. 

Definition 4.4 Let Kn : Kn{l) < Kn{2) < . . . < Kn{2n - 1) < Kn{2n), be a linear 
order and let 1 < j < 2n — 1. Define Knj to be the following linear order: 

Knj : Kn{l) < Kn{2) <...< Kn{j + 1) < < . . . < Kn{2n - 1) < Kn{2n). 

Definition 4.5 Let Kn be a linear order, j e [l,2n — 1], and s e [l,n]. Define the 
function i^^^cf) : Bn ^ Bn as: 

K^{j), a{s) = Kn{j + l), 

3pe [l,n], a{p) = Kn{j) , 
KnU + l), a{s) = Kn{j), 

3pe [l,n], a{p) = KnU + 1), 
(7(s), Otherwise. 

Note 4.6 By the definition of we can conclude that ip^{ip^{a)) = a. 

Lemma 4.7 Let K^ be a linear order and j e [l,2n — 1], then ij^^ : B„ ^ B^ is a 
bijection, and 

DbskM = DesK„.{il;^{<j)), W e B„. 

Proof. Let (Ti, (T2 G -B„, we need to prove that: a — ^■'(cti) = ■?/^-'(cr2) => o^i — 02- We 
divide our proof into two cases: 

1. If 3p, m G [l,n], such that a{p) = Kn{j), a{m) = Kn{j + 1), then according to 
the definition of ip^ we conclude that a — ip^{ai) = ip^{a2) =^ = 172(5), Vs ^ 
p,m, and a{p) — ai{m) — (72 (m), a{m) — cri(p) = C2(p), therefore we conclude 
that: (Ti — a2. 



ilj^{a){s) := 
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2. Otherwise, according to the definition of i/j^ we get il!^{ai) = ai = i)^{a2) = 02^ 

(Ti = (72. 

We have proved that is a bijection. Now we need to prove that: DesK„{cr) — 
DesK^^ji'^^cr))- We will do so by checking all the possible cases of 'ip^{a){i) and 
'4)^{a){i + 1), and proving that for each case a{i) >Kn "^(^ + 1) ^ '^^{a){i) >K„j 

1. a{i) = Kn{s), s G [1, 2n], s 7^ j,j + 1, therefore by the definition of ijj^: 
%lj\a){i) = a{i) = Kn{s) = Kn,j{s), and again we divide into cases: 

(a) a{i + l) = Knit), t e [l,2n], t ^ j, j + 1 therefore; -0^' (a) (i + 1) = (7(i + 1) = 
Kn{t) = Kn,j{t), and now wc can conclude that: 

a{i) = Kn{s) >K^ Kn{t) = a{i + l) ^ s>t^ a{i) >k„. a{i + 1) <^ 
^^{a){{) >x„,,^^ (a)(z + l). 

(b) a{i + 1) = Kn{j), again we divide into two cases according to the behavior 

of ifj^: 

i. 3p e [1, n], a{p) — Kn{j + 1), in this case: 

^3^a){i + 1) = Kr,{j + 1) = and 

^^{a){i) = Kni-s) = Knj{s), therefore; 

(^(i) >K„ a{i + l) ^ s> j ^ Kn,j{s) > Kn,j{j) ^ 

ii. Vp e a{p) 7^ Kn{j + 1), in this case = cr 

i^^{a){i + 1) = KnU) = + 1), therefore; 

s>j + l^ ^\a)(i) = Kn,j(s) >K^. Kn,jU + 1) = i^'{a){i + 1). 

(c) a{i + 1) = + 1), this case is almost identical to the previous case (b) 
with minor changes. 

2. a{i) — Kn{j), as in the previous case, we will check all the possible options: 

(a) a{i + 1) = Kn{t), t e [1, 2n], t 7^ j + 1, and we divide into cases according 
to the behavior of -0-': 

i. 3p e [1, n] a{p) = K^U + 1), then: 

^P^{am = KnU + l) = KnM)^ 

ip^{a){i + 1) = Kn{t) = Knj{t), therefore; 

a{i) >K„ a{i + l) >t^ 
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ii. Vp G [1, n] a{p) ^ Kn{j + 1), then: 



i^^{a){i) = Kn{3) = Kr,,{j + l), 

tp^{a){i + 1) = i^n(^) = therefore; 

(T(i) >i^„ a{i + 1) >t^ 

j + l>t^ ^|;^{a){^) = + 1) >K„,, i^nj(^) = 

^^■((7)(i + l). 

(b) a(z + 1) = + 1) = then: 

^^■(a)2 = ir„(j + l) = i^„,,(j), 

i;^{a)ii + 1) = X^O') = + 1), therefore; 

a{i + 1) = Kr,{j + 1) >x„ = Kn{j) ^ 

ij^ia)it + 1) = K^,ij + 1) >^„,^. ^^■(c7)(^) = K^,ij). 

3. (7(i) = Kn{j + 1). This case is similar to case 2 above. 
We got that: 

V(T e Vi e [i,n - 1], aii) >Kn <y{i + 1) ^ ^^»(^) >K^,i + 1). 

Now we can conclude that Vcr, e S„ DesK„{a) — Desx^ .{ip^ (a)) • 
Corollary 4.8 Le^ be a linear order and 1 < j < 2n — 1 then: 

^oji^„_.(V'^((7)) = majKM- 
Corollary 4.9 Let Kn be linear order and 1 < j < 2n — 1 then: 

Corollary 4.10 Let be linear order then: 

Proof. We can transfer the given linear order to the natural order: : —n < 
— {n — 1) < ... < —1 < 1 < ... < n — 1 <n, bya finite number of adjacent 
transpositions. 

Remark 4.11 According to the above proof for each linear order there exists a 
bijection <p : Bn ^ Bn that, maj{(j){a)) — majKn{<^), Vcr, and (j) — ip^"" oip^"^-^ o. . .oip"^^ 
where {ri}^i are positive integers. 
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Now we can prove that for any linear order the flag major index equidistributed 
with length statistic over the the signed permutations groups: 

Proposition 4.12 Let Kn he a linear order then: 

qflag-major(a) _ ^ ^flag-majoTKni'^) 
cr^Bn rr&Bn 

Proof. Use the bijection (f) : Bn ^ Bn, and note that 

neg{(l){a) = neg{a), Vcr e -B„. 

qflag-majorKnic) _ ^ ^2majK„ (o-)+negif„ (o-) 

(t£B„ o-eBn 

— ^ g2majK„(</>{o-))+neg(</)(CT)) 

creBn 

_ q2maj{(7)+neg(a) 
creB„ 

_ qflag-major{a) ^ 

cr€Bn 

Lemma 4.13 Let Kn be a linear order, such that, for some j e [l,2n — 1], Kn{j) + 
Kn{j + 1) = 0. Then: i)^{a) = a. 

Proof. Let be cr G by the definition of we know that 3i e [1, n] a{i) — ±K„(j), 
therefore; Vs G [l,n] cr(s) 7^ — cr(i), and now according to the definition of we 
conclude that: i/j^{a) = a • 

Corollary 4.14 Let Kn be a linear order, such that, for some j G [1, 2n — 1], Kn{j) + 
KnU + 1) = 0. Then: 

cr&Bn cr^B-n 



Proof. 



E/ \ flaq—majorK . (cr) 
signyajq "-j 

E/ \ flag— majors . (a) 
sign[a)q ">3^ ^ • 
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Remark 4.15 Let Kn he linear order, and let {isYs=i be integers in [l,2n — 1], such 
that Kn{is) + Kniis+i) = Vs, then it easy to prove by induction that for any linear 
order K'„ = Kn,i^^,i^^,...,ij^, w e N, ij^ G {isYsZT^ ^ G [l,w], exist the following 
equality: 

Example 4.16 For example consider the linear order: 

F : -1 < 1 < -2 < 2 < . . . < -n < n, 

then we can create new linear order = Fs2i-i by swapping F{2i — 1) with F{2i) 

for all i G [l,"",]. And according to the last corollary we get that: 

According to the last remark we can generate from the linear order F , 2" linear orders 
which also satisfy the last equality. 

5 Permutation Statistics in the Natural Order 

In this section we will calculate generating functions of different statistics according to 
the natural order: 

N : -n < -{n -1)<...<-I<l<...<n-I<n. 

Most of the results of this section have been achieved by reducing the summation from 
Bn to Un (see also [2^ §7]), and calculating the generating function over Un by recursion 
to Un~i- Before we begin with our calculation and theorems, we need some helpful 
tools that will be presented in the following section. 



5.1 Preliminaries 

Definition 5.1 Define the following set: 

Un := {reBnl t(1) < r(2) < . . . < T(n - 1) < r(n)}. 

There are several facts (see also P,j2]) about the set f/„ that can be directly concluded 
from the definition of Un, namely: each a & Bn has a unique representation as: 

a = rn {t & Un , and n G S'„). 

The following properties are clear: 
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Fact 5.2 1. majiy{cr) = maj]si{7^). 

2. invNic) — infAr(7r). 

3. neg{a) — neg{T). 

4- nsum{a) = nsumir). 
5. sign{a) — sign{T)sign{n). 
We continue with our definitions. 

Definition 5.3 Define the following subsets of Un-' 

1. Uni := {reUnl t(1) = -n}. 

2. Un2 ■■= {reUnl r(n) = n}. 

Note 5.4 Un — Uni W Un2, where l±l stands for disjoint union. 

We also define two bijections from Un-i one onto Uni, and one onto Un2- 

Definition 5.5 For i E 1,2, define (pni '■ Un-i Uni by: 

^"^^^)^^) = {r(i'-l), T<i<n. 

n / \/ -N f ^i"^)-: 1< i < n — I; 
2. Mr)W = |^|^' 

Clearly, for i G 1,2, ipni is a bijection (for Un-i onto Uni)- Therefore, for all 
Ti G Uni, T2 G Un2 there exist unique t[ G t/n-i, '^2 ^ ^n-i, such that (pni{Ti) = 
Ti, V'n2(7"2) — '^2- The relations between the permutation statistics of ri, T2, and t[, T2 
are presented in the following equations: 

Fact 5.6 1. neg{Ti) = neg{ipni{r[)) = neg{T[) + 1; neg{T2) = neg{ipn2{T2)) = 
neg{r^). 

2. sign{(pni{r[)) = {-ly sign{T[) ; sign{cpn2{T2)) = sign{T^). 
Now after we finished our preparations we can move on to the theorems: 
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5.2 Signed Mahonian 
Theorem 5.7 

Proof. We will use the facts mentioned above in natural linear order to reduce the 
summation from Bn into Un'- 

T&Un, ■n&Sn 

Now according to Theorem 12 . 1 1 1 we know that: 

In order to finish the calculation we need to calculate: 



an= Y sign{T)q 



neg(T) 



we will do so by recursion: 



"'n = Y sign{T)q''- 

= Y sign{T)q''^3{r) ^ ^ signer) q'^^^ir) 

T&Unl T&Un2 

= Y sz(7n(vP„i(r'))g"^^('^-(^')) + E sign{^^,{r'))q'''3^^-''^-'^^ 

= i-lTsign{T')q'''3{r')+i ^ ^ sign{T')q'''^^^'^ 

T'eu„-i t'£U„-i 
= (-l)"ga„_i + a„_i. 

In the end of the calculation we got the following recurrence equation: 

a„ = (1 + (-l)"g)a„_i, ai = 1 - g. 

This is easy to solve recurrence equation, which its solution is: 

= (1 - + g)"^ = (1 - g2)-, n=2m; 
\ a2m+i = (1 - g)'"+^(l + g)"^ = (1 - g')'"(l - g), n=2m+l. 
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And with the previous calculation we conclude that: 



l^''9n[a)q - | (i _ _ g2)^[^]^^,,^ n=2m+l. 



O-G-B: 

We move on and calculate the generating function of another signed Mahonian statistic: 
Theorem 5.8 

Y: sign{a)q^^-^-^^'^ = (g; -g)„N±,!. 
Proof. We will use the same methods as in the previous theorem, reducing the problem 

to Un- 

o-G-Bn 7rG5n, tGC/„ 

7rG5„, rGCn 

TT^Sn t£U„ 

By Theorem 12 . 1 1 1 we know that J2 sign{'K and: 

7rG5n 

= Y sign{T)q™^^^ 

r£U„ 

T'G(7n_l t'G(7„_i 

= ^ s^£/T^(T')(-l)"g"'"™("'^+"+ Y sign{T')q'''''"'^^"> 

= (-l)"g"a„_i + a„_i = (1 + (-g)")a„_i. 

We got a recurrence equation a„ = (1 + (— l)"g")an_i, ai = 1 — g, which its solution 
is: 

n 

an = l[i^ + i-qy) = iq;-q)n. 

i=l 

And after we multiply our results we get: 

n 

Y sign{a)q^^'^^-^-^ = Y[{1 + (-g)OM±,! = (g; -q)n[nW • 

crG-Bn i=l 



21 



5.3 Bivariate Generating Functions 

We can use the method of reducing the summation form Bn into Un, for the purpose of 
generahzing and proving known theorems, we will start with generalizing Theorem 12 .2 71 



Theorem 5.9 



Proof. 



^ ^ ^nmajisr{cr) ^neg(a) ^ ^ qm,aj{Tir)+nsum,(TTT)^neg{TTT) 

cr£B„ 7rG5n, T^Un 

^ ^ ^m,aj(n)+nsum{T)^neg{T) 

^ ^ ^nsum,(T) ^neg{T) ^ ^ ^nviir) 

^ ^ ^inv{TTT)+nsum{TTT) ^neg(Tn) 

O-G-Bn 

We can also calculate some interesting Mahonian-Mahonian generating function: 
Theorem 5.10 

n 

J2 qflag-majorM(o)^nmajM(o) ^ J]^ (1 + gf ) [n]^2 J . 
aeB„ i=l 

Proof. We will prove this theorem by reducing the problem to [/„: 

^ ^ ^flag—majorj^{a)^nmajff{cr) ^ ^ ^maj{-K)+neg{T) jjnaj(iT)+nsum{T) 

0-&B„ 7rG5n, TGCn 

^ ^ ^neg{T) ^nsum{T) ^ ^ ^2maj (it) ^maj (n) 

tGU„ itGS„ 
— ^ ^neg(T) ^nsum(T) ^ ^^2^-^maj{n) 

We know according to Theorem 12.91 that: (q'^t)™'"'^^'^^ = [n]q2j, and by calculation 

7rG5„ 

we get: 
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T&n reUni reU„2 

_j_ qneg(ipn2(r'))^nsum(ipn2(r')) 
r'Gl/„-i 

^ ^ ^neg{T')+l^nsum{T')+n _j_ ^ ^ ^egij') j/nsumij') 

t'€U„-i T'eC/„_i 

= qt^-ttn-i + a„__i = (1 + gr)a„_i. 

We got the recurrence equation: a„ = (1 + gt"')a„_i, ai = 1 + gt, and the solution to 

this equation is: a„ = H (1 + Q'^'), and therefore; the general solution is: 

1=1 

^flag-major^(a)^nmaj^{a) ^ ^[{l + qf) • 

(j£Bn i=l 

Note 5.11 Notice that if we put t = 1 in the previous Theorem \5.1lA we get Theo- 



rem 2.24 ^he equation: [vL\q2{l + g)" = J] [2^]g! 



We can also calculate the generating function of length and flag major index by using 
a similar method: 



Theorem 5.12 



^ ^flag-major^(a)^l(a) ^ A^^q^ ,t) + qf 



a&Bn i=l 



where An{q,t) = E g'^'^^ Wt^W = ^ qmaj{n)^inv{n) _ 

Proof. We will start with reducing to [/„: 

^ ^ ^flag—major{a)j£{a) "y ^ ^maj{TT)+neg{T) ^inv(-K)+nsum{T) 

CTG-Bn r£U„, TreSn 

t£U„ TT&Sn 

= An{q^,t) ^ qneg{r)^nsum{r) _ 

Now we need to calculate q^^9{T-)j^nsum{T) ^ calculate this exact equation in the 

T&Un 

proof of the previous Theorem IS.IO^ and got the recurrence equation: a„ = (1 + 
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qt"')an-i, ai = 1 + qt, which its solution is: a„ = 11(1 + qf), therefore; the final 

1=1 

solution is: ^ 

ctGB„ i=l 

5.4 The Signed Mahonian Over Dn 

In this subsection we are going to calculate signed Mahonian on Dn the subgroup of -B„ 
(see definition I2.3H) . We open this subsection with few definitions that we are going 
to use in our proofs: 

Definition 5.13 Define the following subset of Dn: 

UDn := UnnDn = {rEDn\ r(l) < r(2) < . . . < r(n)}. 

Remark 5.14 Let be t E UDn, if T{n) = n, then exists unique r' G UDn-i, where 
'^ni{T') = 'T, o-nd if t{1) = —n then exists unique t' G UDn-i '■= f^n-i — UDn~i, where 
^n2{r') = T. 

Notice that for every a G Dn there exists a unique decomposition: a = rvr, vr G 
Sn, T E UDn- Now wc usc the last remark, and the constructions in the beginning of 
this subsection to prove the following theorem: 

Theorem 5.15 

J2 s^^n((T)g^''^5-"^"^°'■^(") = (l-g2)L?J[n]±,2!. 

Proof. 

^ sz^n(a)g^'''^-™"^°"^('^) = ^ si£/r2(r)sz^n(7r)g2'^"^(")+"'^^?(^) 

= sign{Ti)q^'""'^^''^ ^ si£/n(r)g""3M 

= [n]±,.! Yl stgn{T)q-^^^^\ 

Now we need to calculate sign{T)q"'^^^'^\ we will do so by recursion to UDn-i, 

before doing so, we notice the fact that: 

Y sign{T)q''^^^^^ = ^ sign{T)q''^3^^^ + ^ sign{T)q'"'3^^\ 
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therefore; 



'(l_g2^m_ ^ sign{T)q'"'3(^\ n=2m 
{1 - q){l - q^)"" - E sign{T)q''^3{r) ^ n=2m+l. 

T&JD2m+l 



— < 



Now we are ready to do the calculation: 

J2 sign{T)q''^3^^^ + ^ sign{T)q''^^^^^ 

reUDn, T(n)=n reUDn, T(l)=-n 

= ^ sign{ipn2{r'))q^'^^'^-'^-'^^ + ^ 5ign(y^^i(rO)g"^^('^"^("')) 

T'eUDr,-! T'eUDn-l 

sign{T')q''^'^^'^ + ^ (-l)"si^n(T')g"'^(^')+' 

T'&UDn-l T'eUD„-l 

= a„_i + (-irg[(l-g)rVl(i + g)LVJ -a„_i]. 

We got the recurrence equations: 

_ / (1 - g)a2™-i + g(l - - g), n=2m; _ 

- \ (1 + q)a^m - q{l - q^T, n=2m+l. ' " 

The solutions to these equations are: 

a-2m+i = (l + g)a2m-g(l-?^)"' 

= (1 + g)[(l - g)a2^-i + q{l - q^T^'il - q)] - q{l - qT 
= (1 - q')a2m-i + q{l - q^T - ?(1 - q^T = (1 - ?')«2m-i 

a2m = (l-g)(l-g^r-^ + g(l-g)(l-g^r-^ 
= (l-g)(l-g^r-^(l + g) 

In the end of the equation we got the sohition: 

~ ^ " \ (1 - n=2m+l. 
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Now we can write the final solution: 



o-GD„ 



Corollary 5.16 From the last Theorem \5.1,% and from Theorem 5.1 we can conclude 
that for even n: 

6 Colored Permutation Groups 

In this section we present a method, which takes known equalities from Sn and gen- 
eralize them to Gr-.n- The main idea of this method is to rely on the fact that our 
alphabet: 

{l[^^,...,l,2[^^,...,2,...,n[^^,...,n} 
is organized according to the friends order: 

F : l^'-^l <...<!< 2["-i] < . . . < 2 < . . . < < . . . < n. 

In the friends order we can notice, that the colors have no effect on many statistics. 

6.1 Preliminaries 

We begin with the definition of the Color^ groups: 

Definition 6.1 Let r,n be nonnegative integers. Define the Color^ group to he: 

Color'^ := {{z,id) G a,n} = 
We define the following subsets of Color]!:: 
Definition 6.2 Let i E [l,r]. Define: 

Color'^i := {{z,id) G Color]! \ Zn = i}. 
Remark 6.3 The group Color]! is a disjoint union: 

r-l 

Color]! = 1+) Color]!^i, 

i=0 

where 1+) donates for disjoint union. 
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Every {z, tt) G G^.n has two a unique compositions as products {z, ir) = {z, id){0, n) = 
(0, 7t'){z', tt"), where here := (0, . . . , 0). 

Lemma 6.4 Let i G [l,k] and let ostati : S'„ — Z, cstati : Z" ^ Z statistics on 
Sn and Z" respectively; define staU : Gr,n by stati{z,7i) := ostati{7T) + cstat{z). 

Then: 

Estati{z,n) statii{z,TT) cstati{z) cstatis{z) ostati (tt) ostatk{-n) 

Qi ■ ■ - Qk — Qi ■ ■ - Ik 1i ■ ■ - Ik 

{z,Tr)eGr,n {z,id)GColor^ neSn 

Proof. By using the fact that every {z,Tr) — {z,id){0,Tr), 

Estati{z,iT) statk{z,7r) ostati{z,7r)+cstati{z,7r) ostatk{z,iT)+cstatk{z,7r) 

Qi ■ ■ - Qk — Qi ■ ■ - Qk 

(z,7r)eGr,n (z,Tv)EGr,n 

Ev^ ostati{n)+cstati{z) ostatk{ir)+cstatk{z) 
?i ■■■Qk 

{z,id)&Colar^ {0,Tr)eGr,n 

Ecstati{z) cstatk{z) ostati (tt) ostatk{n) 

Qi ■ ■ - Qk ?i ■ ■ ■% 

{z,id)eColor^ (0,7r)eGr,n 

Ecstati{z) cstatk{z) ST^ ostati{7T) ostati,{n) 

Qi ■ ■ - Qk 2^ 5i ■ ■ - Ik • 

{z,id)£ColorJ^ TreSn 

We now define a set of bijections Color'^~^ — > Color^j, j G [0, r — 1]: 

Definition 6.5 Let j G [0,r — 1]. Define the bijections 
: Color^-^ Caloric by: 

e((z,id)):^(z',id), where ( {y(z,id) E Colorr'). 

^ Zj^ — J, I — lb. 

The relations between {z,id), and ^^{{z',id)) arc presented in the following equation 
that can be easily concluded from the definition of 



ncsum{{z, id)) + n — 1, 1 < j < r — 1; 
ncsum{{z,id)), j—0. 
Recall that ncsum{{z,7r)) := (7r(i) — 1). 



1. ncsum{^^{{z,id))) 



Zif^O 

2. csum{^^{{z,id))) — csum{{z,id)) + j. 
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6.2 Friends Color-Signed Mahonian 

In this subsection we calculate the bivariate generating function of the flag major index 
and friends color sign statistics. We open this subsection with the definition of the 
color sign statistic: 

Definition 6.6 Let r,n be nonnegative integers. Define the color sign of g E Gr,n to 
be: 

csign{g) := (-l)^(^). 

Note 6.7 Notice that in the general case of r-colors the color-sign statistic is not 
necessarily a character. For example in the case ofn = 3, r = 3, we take the following 
permutations: 

g^ = ((1, 0, 0), [1, 2, 3]), (72 = ((2, 0, 0), [1, 2, 3]) therefore; g^g^ = ((0, 0, 0), [1, 2, 3]), and 
csign{gi) = -1, csign{g2) = 1, but csign{gi)csign{g2) = -I ^ csign{gig2) = 1. 

Definition 6.8 Let g G Gr,n- Define the friends color-sign of g E Gr,n to be: 

csignpig) := 

Proposition 6.9 Let g = {z, tt) G Gr^n then: 

csignp{g) = csignp{{0,7i))csignp{{z,id)). 

Proof. According to Definition 16.81 and Lemma 16.41 we conclude: 

CSignF{iz,7l)) = ^-iynvF{(z,n))+csum{iz,n)) 
^ -^ynvp({0,TT))+csum,({z,id)) 

^ -j^^i?it)^((0,7r))+csum((0,7r)) ^ ^•jinvp{{z,id))+csum{(z,id)) 

= csignF{{0,Tr))csignF{{z,id)) • 

Now by using the above facts, we can calculate the generating function of friends 
color sign and flag major index: 

Theorem 6.10 

Y: cstgnF{g)qf'^^-^^^°^-'~^^ = [r]!!,[n]±.,!. 

Proof. According to Lemma f6. 41 and Theorem 12 . 1 1 1 we get: 
J2 csignF{g)q^^''^-'^''^°''^^^^ = ^ csz(/nir((;z, ^ Si£?n(7r)g'-'""JW 

geGr,n (z,id)&Color^ nGSn 

{z,id)eColor^ 
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Now we need to calculate: a„ = csignp{{z,id))q^'^'^"^^^^'^'^^\ We will do so by 

{z,id)eColorf 

using the bijections to find recurrence equation to a„: 

«=0 {z,id)eColorl^-'^ 
r-1 

«=0 {z,id)(^Color'^-^ 
r-1 

1=0 

= [r]_ga„_i. 
In the end we got the recurrence equation: 

which its solution is: 



\-q- 



Our final solution is: 



Note 6.11 Notice that if we put r = 1 in Theorem \6.1(]^ we get Theorem, \2.11\ 



6.3 Colored Excedance and Denert's Statistics 

In this subsection we give a generalized version of the excedance number and Denert's 
statistic for the colored permutation groups, by using the r- color excedance number 
(denoted exCr) and the r-color Denert's statistic (denoted derir), similar type results 
appear also in T^j. 

Definition 6.12 Let r,n be a nonnegative integers and g = (-z, vr) G Gr,n- Define the 
r-color excedance number of g to be: 

exCr{g) := exc^Tv) + csum{g). 
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We prove that the r- color excedance number is Eulerian: 
Theorem 6.13 Let r,n be nonnegative integers. Then: 

Proof. According to Lemma f6 .41 and Theorem 12. 101 we get: 

^ gea;c,.(g) ^ ^ ^exc{n)+csum{g) 

g^Gr,n g^Gr,n 

^ ^csum{{z,id)) ■y ^ ^exc{n) 

(z,id)€Colorl^ neS„ 
^ ^csum{(z,id)) 'y ^ ^des{n) 

{z,id)eColor^ 7rG5„ 
^ ^ ^ ^ qdes{iT)+csum,({z,id)) 

{z,id)eColor^ Tv&Sn 

Definition 6.14 Lei r,n be nonnegative integers. Define for g G Gr.n r-color 
Denert's statistic to be: 

denr{g) = r ■ den{n) + csum{g). 
We prove that the r-color Denert's statistic is equidistributed with the flag major index 

over Gr,n- 

Theorem 6.15 Let r,n be a nonnegative integers. Then: 

qderirig) _ ^ qflag~majorp{g) 

g^Gr,n g^Gr,n 

Proof. Using Lemma f6. 41 and Theorem 12. 151 we get: 

'y ^ qdenr{g) "y ^ ^r-den{n)+csum{g) 

gGGr^n g^Gr.n 

^ ^ qCsum{{z ,id))) ^ ^ ^■den(iT) 

{z,id)eColor^ 7rG5„ 
^ ^ ^csum{(z ,id))) ^ ^ qf-maj{iT) 

{z,id)^Colorl^ n^Sn 
^ ^ ^ ^ ^r-maj(n)+csum{(z,id)) 

{z,id)GColorJ^ it&S„ 
— ^ qflag-majorpig) ^ 

g^Gr,n 



30 



Now we prove that the pair of statistics {derir, exCr) is equidistributed with {flag — 
major p, Ides p) and therefore, the pair of statistics {derir^exCr) generahzes the Foata- 
Zeilberger Theorem 12.151 

Theorem 6.16 Let r,n be a nonnegative integers. Then: 

qderirig) j.excr{g) _ ^ lag-major pig) j-ldespig) 

Proof. Using Lemma f6. 41 and Theorem 12 .151 we can conclude: 

^ ^ ^denr{g) ^excr{g) ^ ^ ^r-den{TT)+csuTn{g)^exc{g)+csum{g) 

g(^Gr,n g&Gr.n 

^ ^ qCsum,({z,id)) ^csum{{z,id)) ^ ^ ^■den{ii)j^exc(-K) 

{z,id)eColor^ 7rG5„ 
^ ^ ^csum({z,id)) ^csum{(z,id)) ^ ^ ^r-maj(Tr)^des{iT) 

{z,id)eGolor^ neSn 
_ ^ qflag-fnajorp (g) ^Idesp (g) ^ 

gGGr,n 



6.4 Flag-Excedance and Flag-Denert's Statistic of Type B 

In this subsection we present the flag-Denert's statistic (denoted fden) and the flag- 
excedance (denoted fexc) statistic. We prove that the pair of statistics {fden, fexc) 
are equidistributed with {flag — major, fdes) over S„ and, therefore, the flag-Denert 
and flag-excedance statistics gives a type B generalization to the Foata-Zeilberger The- 
orem 

Definition 6.17 Define the type b excedance number of a E Bn to be: 

excB{o') :=|{l<2<n|i< \a-{i)\ }|. 
Definition 6.18 Define the flag-excedance of a E Bn to be: 

fexc{a) := 2excB{(y) + ^{c)- 
Definition 6.19 Let n be a nonnegative integer. Define the following subset of Bn: 

Color'^ := {a E 5„| a{i) = ±i, Vi E [l,n]}. 
This is another form of definition ^. 1\ for r = 2. 
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We prove that the flag-excedance statistics is Eulerian. 

Remark 6.20 In the following theorems we use the fact that if a = ttt and where 
IT = [|o"(l)|, . . . , \cr{ri)\ ] and r G Color^, then e{a) = £{t). 

Theorem 6.21 

Proof. By using Lemma f6. 41 and Remark 16.201 we can conclude that: 

qfexc{a) _ ^ ^ q2excB{nT)+e{nT) 
T&Color^ weSn 

We define the type B Denert's statistic (denoted deriB)'- 

Definition 6.22 Let a E Bn- Define the type B Denert's statistic to be: 

deuBia) = |{1 < / < A; < n I |a(A;)| < |(7(/)| < A;}| 
+ |{1 < / < A; < n I < A; < |a(A;)|}| 

+ |{1 < / < A; < n I A; < |a(A;)| < |(t(/)|}|. 

Remark 6.23 According to the definition of den b we can see that: 

deuB^cr) = denBirn) = deuBiiv), Wa G Bn, t G Color2, tt G Sn- 

We define the flag- Denert's statistic (denoted fdeuB), and prove that it is equidis- 
tributed with the flag major index over the signed permutations groups: 

Definition 6.24 Let a E Bn- Define the flag-Denert's statistic to be: 

fden{a) := 2denB{cr) + neg{a). 

Theorem 6.25 

qfcien{a) _ ^ qflag-majorpicr) 
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Proof. We use the Definition 16.241 Lemma 16.41 and Remark 16.231 and conclude the 
following equality: 

qfden{a) _ ^ ^2denB{a)+neg(a) 

— ^ qneg{r) ^ ^2den{n) 

TGColor^ TveSn 

— ^ qnegir) ^ ^2maj{n) 
TGColor^ tt£S„ 

— ^ qflag-majorpiu) ^ 

cy&Bn 

We prove that the pair of statistics (fdenjexc) is equidistributed with {flag-major Jdes) . 
Theorem 6.26 

qfden(a)^fexc{a) _ ^ ^flag-majorp{a)^fdesp(u) 

Proof. We use the Definitions 16. 181 16.24[ Lemma [6. 4[ and Theorem 12. 151 and conclude 
the following equality: 

qfden{(T)^fexc{a) _ ^ ^2denB{cT)+neg(a) ^2excB{c7)+e{(7) 

a&Bn creBn 

— ^ qneg{T)^e{T) ^ ^2den{iT) ^2exc{iT) 

reColor^ TveSn 

— ^ qn.eg{T)^e(T) ^ ^2maj {n) ^2des{-K) 

— ^ qf lag-major p{cr)^fdesp{a) ^ 
creBn 

7 The Flag-Inversion Statistic 

In this section we define a new statistic, flag-inversion (denoted finv) . We show that 
this new statistic is also equidistributed with the flag major index, and therefore it is 
equidistributed with the length statistic for r = 1,2. Using finv we calculate interesting 
generating functions and present a generalization of Foata and Schiitzenberger's Theo- 
rem 12.121 to the groups Gr,n- We finish this section by giving an algebraic interpretation 
of finv. 

Remark 7.1 Throughout this section we assume that our alphabet is: 
{l,...,l['-^2,...,2[-^l,...,...,n,...,n[-^l}, 
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and it is ordered by the friends order; 

F : 1< . . . < it'-^l < 2 < . . . < 2["-^] < . . . < n < . . . < nt'-^l 
For convenience we define i^^^ := i, Wi G 

7.1 A New Mahonian Statistic 

Definition 7.2 Let g G Gr,n- Define the flag-inversion statistic of g to be 

finv{g) := r ■ inv{g) + csum{g). 
Remark 7.3 For a E Bn this can be written as: 

finv{a) := 2 • inv{a) + neg{(7). 

We prove that the /?ag' inversion statistic is equidistributed with the flag-major index 
over the colored permutation group Gr^n'- 

Theorem 7.4 

qflag-majorpig) _ ^ qfinvp{g) 

Proof. By using the proof of Lemma f6.4| we can conclude: 

qfinvp{g) _ ^ qCsum({z,iT)) ^ ^r-inv{iT) 

g&Gr,n {z,id)eColor^ -rreSn 
^ ^ ^csum,{{z,id)) ^ ^ 

{z,id)GColorl^ 7reS„ 
_ ^ qflag-majorpicr) ^ 

g(zGr,n 



Remark 7.5 There exists another direct proof of Theorem \1.J\ One can show by 
induction on n that a„ := qf'^'^'"'''^^) satisfies: 

an = an-i[r]g[n\gr = a„[rn]g, 

and therefore 

n 



According to Theorem \2.4(\ we can conclude: 

qflag-major{g) _ ^ qfinvpig) 



gSGr,n g^Gr^n 
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Corollary 7.6 The flag-inversion statistic is equidistributed with the length statistic 
over the signed permutation groups 

Proof. Combine to the Theorem 17.41 (in the case of r = 2), with Proposition 14. 12l and 
Theorem 1221 

By using the flag-inversion statistic we can generalize the Foata-Schiitzenberger 
Theorem 12. 121 to the colored permutation groups: 

Theorem 7.7 

qflag--majorF{g)^ldesp{g) _ ^ qfinvF{g)^ldesp{g) 

where g := {z, tc^^). 

Proof. By using Lemma f6. 41 and Theorem 12 . 1 31 we get: 

qfl<ig-majorp{g)^ldesF{g) _ ^ qflag-majorF{(z,-K))£,desF{(z,-K-'^)) 

^ ^ qCsum{(z ,id)) ^csum{{z ,id)) ^ ^ qr-maj(Tr)^des{n^^) 

{z,id)&Color'^ 7reS„ 
^ ^ qCSUTn{{z ,id)) ^csum{(z ,id)) ^ ^ qr-inv{n) ^des{iT^^) 

{z,id)&Color^^ irdSn 
— ^ qfinvF{g)^ldesF{g) ^ 

(2,7r)GGr,n 

In the case of r = 2 by using flag-inversion statistic, we can get the following equahty, 
which is a type B generalization of the Foata-Schiitzenberger Theorem 12.131 : 

Theorem 7.8 

qflag~majoTF{(T^'^)j-flag-majoTF{(T) _ ^ qfinvF{cr)^flag-majoTF[cr) 

Proof. Using Lemma f6. 41 Theorem I2.13t and the fact that in the case of 
r = 2, T = G Color2 we get: 

qflag-TnajorF{a'^)^flag-TnajorF{cr) _ ^ qnegir) ^negir) ^ q2maj{iT~'^)^2rnaj{n) 

a&Bn T&Color^ 7rG5„ 

_ ^ q-negir) ^neg{T) ^ ^2inv{n) ^2maj{iT) 

tGCoIot^ 7rG5„ 
_ ^ qfinvF{cr)^flag-majorF{cr) ^ 
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7.2 Algebraic Interpretation 

In this subsection we give an algebraic interpretation to the flag-inversion statistic, 
as length in the group Sr-n with respect to a new set of generators. We open this 
subsection with the definition of the new generators: 

Definition 7.9 Let r > 1, n > 1 be integers. Define the set of two dimensional 
Coxeter generators of the Symmetric group 5'^.^ by : 

C2 {di,j,R |1 < i < n, < j < r - 2} \j{dij^c |1 < i < n - 1, < j < r - 1}, 

where: 

d.,,n := [1, . . . , l^^-'K ...,n,..., 

and: 



d 



There is an easy geometrical way to understand these generators; represent a per- 
mutation TT e Sr-n by a matrix A — (a^ jZo"^ G Mnxr , where Vi 6 [l,rz],A; e 
[l,r], ai^k = 7'"(^r + k — 1). For example, the identity permutation can be represented 
by the following matrix: 

/ 1 iW ... ik-i] \ 



2 2[il 
n-1 (n-l)W 



2[r-2] 



2[r-l] 



The generator dij^R swaps two consecutive numbers in the same row, while dij^c swaps 
two consecutive numbers in the same column. 



/ ^ dl o,R 

' 1 <-> 



l[i] ^'A"" . . . "^i'^^'^ i[i] '^i'^^?'^ 



Xdi^, — 2,C 



„ <i2,0,R 
2 ■Ir^ 



2[l] d2^a 



Id2,o,C Id2,i,c 

I-dn-l,0,C I-dn-l,l,C 
[1] '^n'' 



d2,r-3,R 2[r-2] d2,r-2,R 



l-d2,r-2,C 



I-<il,r--l,C 

2[r-l] 

Id2,r-l,C 



I-dn-l,r-2,C I-dn-l,r-l,( 



dn,0,R 

n ^ 



Jn,r-3,R \~. 



-2] <in,r-2,R 



V 
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figure 1. The Two dimensional Coxeter generators dij^k, k G {R,C}. 



Remark 7.10 It is easy to check that for r = 1 the two dimensional Coxeter genera- 
tors difi^c o,re equal to the usual Coxeter generators (Definition \2.4\ )- 

We now define a bijection F : G^.n Sr-n, and calculate the length ofT{g) according 
to the two dimensional Coxeter generators: 



Definition 7.11 Define a bijection T{g) : Gr^n Sr-n follows: for g G Gr^n 

, VA; G [0,r-l],z G [l,n]. 



7r(2)W, k = 0; 
r(^7)(#]) := <! 7r(z)['=-il, l<k<z,; 

7r(2)W, Zi < k <r - 1; 



Here we identify [1, . . . , r ■ n] with [1, . . . , l'*" ^J, . . . , n, . . . , ■n,''' ^1] . 

Example 7.12 Let n = 3, r = 4, (z, vr) = ((0, 3, 2), [2, 1, 3]). Then T : G^^^ ^ S^: 

I 2 2[i] 2P1 2[31 \ 

r(^) = [2,2W,2[2l,2[3l,l[3],l,lM,l[2],3[2],3,3W,3t'^]= 1^'^ 1 1™ l'"' • 

V 3[2] 3 3[il 3[31 ; 

Definition 7.13 Let g G Gr.n- Define the length of g according to the two dimensional 
Coxeter generators to he: 

ioig) = mm{t G N | T{g) = di^j^^k^ ■ --di^j^^kt, for some i^, js, ks}. 

Our main result here is the next theorem. 

Theorem 7.14 Let g G Gr,n- Then 

^oig) = r ■ inv{g) + csum{g) = finv{g). 

Proof. We give an algorithm which proves the theorem. Consider T{g) as a matrix 
A G Mnxr- We do the following steps to create A from the identity matrix using the 
generators di j^^'- 

1. View every column of the matrix as a tt G use dij^R to generate it from the 
identity matrix. 

/I ... Il^-H \ / 7r(l) ... 7r(l)['-il \ 



yn ... ^['■■"^1 / V 7r(n) ... 7r(n)[''~^l j 



37 



2. In every row j G [1,^] move j^^ from column Zj to column 1 using dij^c- 



/ 71(1) ... 7r(l)t''-il \ / 7r(l)[^i] ... 7r(l)['-^] \ 



V 7r(n) ... 7r(n)['-i] / V ^H^^"^ ■■■ TrHi^-^J J 



Zn) 



[r-1] 



The first step of the algorithm uses r ■ inv{'K) generators (to organize every column 
we use inv{7i) Coxeter generators of S'„) and the second step uses csum{g) generators 
(in every column i we move 7r(z)[^'^ from column Zi to the first column, this action 
uses Zi generators). We conclude that finv{g) > ioig)- Now we need to prove that 
ioig) > f'inv{g). We look at V{g) as a matrix {aijy^I^'jzl''^ , where aij — 7r(i)[^'^l, xij e 
[0, r — 1]. It easy to see that: 

^D{g)>r■^{'K)-r\j:Y.\^^,-3\ = r-£(7r) + ix:(.. + f:i) 

^ i=l j=0 ^ i=l j=0 

n 

= r ■ £{n) + ^Zi^ finv{g). 

i=l 

therefore; 

^oig) = finv{g) • 
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